Chapter Five

Fast Fourier Transform

1-1 Introduction

We have studied how to obtain DFT of a sequence by using direct computation. Basically, the
direct computation of DFT requ]res largc number of computations. So more processmg time is

required.

For the computation of N-point DFT, N? complex multiplications and N’ -N complex
additions are required. If the value of N is large then the number of computations will go into lakhs
This proves inefficiency of direct DFT computation,

In 1965, Cooley and Tukey developed very efficient algonthm to 1mp1ement the DFT. This
algorithm is called as Fast Fourier Transform (FFT). These FFT algorithms are very efficient in
terms of computations. By using these algorithms, number of arithmetic operatlons involved in the
computation of DFT are greatly reduced.

Different FFT algorithms are available : out of which Radix-2 FFT algcrithm is most
important FFT algorithm. ,

(1) Radix-2 Decimation in Time (DIT) algorithm.
(2) Radix-2 Decimation in Frequency (DIF) algorithm.,
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Radix-2 Decimation In Time (DIT) Algorithm (DIT FFT)-:

‘To decimate means to break into parts. Thus DIT indicates dividing (splitting) the sequence in
time domain. The different stages of decimation are as follows : '

First stage of decimation :

Let x (n) be the given input sequence containing ‘N’ samples. Now for decimation in time
we will divide x (n) into even and odd sequences.

x(n) = f (m)+f,(m) (1)

Here f; (m) is even sequence and f, (m) is odd sequence

f](m) = x(2n), m = 0, 1 —2-—1 )
and fz(m) = x(2n+1), m=0,1,. ,—1;—1 .(3)

Input sequence x (n) has ‘N’ samples. So after decimation; f;(m) and f, (m) will contain

Esam les
g

Now according to the definition of DFT,
X(k) = ¥ x(m)Wo (@)
, ' - n=0 |
Since we have divided x (n) into two parts; we can write separate summation for even and

odd sequences as follows :

X(k) = Y x(mW,+ ¥ x(m)wW! 5)
' n even n odd
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The first summation represents even sequence. So we will put n = 2m in first summation.

While the second summation represents odd sequence, so we will put n = (2m-+1) in second

summation. Since even and odd sequences contain - samples each; the limits of summation will be

2

fromm-—-‘Oto-lz!-l.

N N
2! 2 e

X(k) = 'y x(2m)WiI ty x(2m+1)W(m+l) (6)
m=0 ' m=0

5

But x (2m) is even sequence, so it is fl (m) and x (2m + 1) is odd sequence, so it .is f2 (m )..

N , N
‘2~—1 , ,—?:—1
' 2km ' 2km __k
X(k) = fl('m)WN +oy LMW W
"m=0 : m=0 '
N, N_,
? wk S y (W ‘)m
X (k) = f(m)( ) - ’(m( .
_ 2 ’ Z & "N
m=0 . m=0
2
Now we have WN = Wyn,2
: < km k - km
k) = > fl(m)_WN/2+WN > Ic2(m)WN/z ~(8)
m=0 m=0
Comparing each summation with the definition of DFT,
X(k) = Fl(k)+W1; F k), K=01.,N-1  .©

We will consider an example of 8 point DFT. That means N = 8.

Here F, (k) is = pomt DFT of f; (m) and F, (k) is I; point DFT of f, (m) That means

~F; (k) and Fz(k) are4p01ntDFTs

Equation (9) indicates that F, (k) is multlphed by W and it is added with F1 (k), to obtain

(4 + 4) i.e. 8-point DFT. Graphically Equation (9) represented as shown in Fig. G-1.

Remember that in Equation (9), K varies from 0 to N—1 (i.e. 0 to 7 for 8 point DFT).

~
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£ F0)=x(0) F1(0)
. f4(1) = x(2) Fq(1)-
Even < e o)e '
2mp_u:f 1(2)=x(4) Fy(2)
@ =M1 ¢ (3)=x6) Fy(3)
’ Adder
Block
- 10 =x(1) F2(0) _W:N
| f(1)=x@) | Th Fa1) Wy
0dd % NS )’
 inpus f3(2) = x(5) 1F® Wy
» x(2nf1) = fp(m) : f,(3) = x(7) Fy(3) W:
S —

Multiplication by
o
Wiy

k
Fig. G-1 : Graphical representation of X (k) = F 1 ( k)+WN F, (k)

Now F, (k) and F, (k) are 4-point [—I;—I] DFTs. They are periodic with- period —Izi Using

periodicity property of DFT we can write,

, N
P] [k-i—;}

F, (k) : ~(10)

F2(k) BROEY)

g
Q.
gl
[ %]
N
e
+
0|
~——
il

Replacing k by k +—1; in Equation (9) we get,

.
N N +8 N .
L Al 2 2
X(k+zj Fl[k+2J+W; Fz[k+2j -
N : ' :
Now we have, Wk+ 2 = ~Wk
N N )
NY) _ N N
X[k+3 | = F k+2] W]; Fz(k+2] . (13)
Using Equations (10) and (11) we get,
N k ' '
X(k+7] = F, (k)= W_F, (k) (14)

- Here X (k) is ‘N” point DFT. We can take k = 0 to %— 1 then, by using Equations (9) and

(14) we can obtain combined N-point DFT.
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' N
X(k) = F)+W F (k) k=01.5-1 s
N k N
and X k+-§* = Fl(k)—WNFz(k), k=01, ... 2“—-1 ..{16).

We are considering an example of 8 point DFT .(N = 8). So in Equations (15) and (16), k
varies from 0 to 3. Now putting k = 0 to 3 in Equations (15) and (16) we get,

and

X(0) =F1,(0)+W;F2(0)
X(1) = F (1)+ Wy B,y (1)
X(2) =F(2)+ Wy Ey(2)

X(3) =F (3)+ Wy F,(3)

X (0+4) =X (4) = F, (0)~ W} F,(0)

X (144) =X (5) =F; (1) =W F, (1)

X(244) =X (6) =F, (2)- WaF,(2)

‘X(3J}4)=X(7),=F1(3)—W;F2(‘3)

Al

)

...(18)

The graphical representation of first stage of decimation for 8 point DFT is as shown in

samples

f5(2) = x[5
X(2n + 1) =fH(m 22) = xi3]

Odd o_f2(1) = X[3]
><

o X[5] From
Equation
(18)

Fig. G-2.
D | I I
. i ; | 3
o120, POy >(D—o X[0]
| 11 1 )
" Even M F1[1]$i A »{+ : X[1] | From
samples f2)= x[4]E N%E_?j"t’ il ! \ / E >Eq‘uation
ot -2 ST R
o__-_i_ 4031 % E iy : M : X[3]
: } <) N
i :
| |
r _ 1 1 w
£,(0) = x[1] F,[0] \L E X[4]
| ]
|

f2(3) = x{7]

: Fz[_ﬂ.
N2 point| . |
DFT | Fal2] |
Fal31 .
< Stage 1

Fig. G-2 : First stage of decimation
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In Fig. G-2, input sequences are
' f, (m)

x(2n) ={x(0),x(2),x(4),x(6)} (19

and f,(m) = x(20+1) ={x(1),x(3),x(5),x(7)} . ...(20)
That means each sequence contains %I— samples.

Second stage of decimation :

In the first stage of decimation; we obtained the sequences of length -I;- That means for
8-point DFT (N = 8); the length of each sequence is ‘4’ as gii/en by Equations (19) and (20). We
discussed that we have to continue this process till we get 2’ point sequence.

We can further d_eciniate f;(m) into even and odd samples. Let g; (n) = f; (2m), which

contains even samples and let gij, (n) = f; (2Zm+ 1), which contains odd samples of f; (m ).

Note that here range of ‘n’ and ‘m’ is from O to %— 1.

Now re_call Equations (15) and (16). We obtained sequences X (k) and X( k 4—?} from

F; (k) and F, (k). The length of each sequence was 5 Here in the second stage of decimation;

we are further dividing the sequences into even and odd parts. So similar to Equations (15) and (16)

we can write; For F; (k),

) kK N .
F (k) = G“(k)+WN/2G12(k)- k=0, 1,...;—1 .(21)
N ko N
and Fl[k+z) = G“\(k)-WN/zGJ'Z(k) k=u, 1, .. 4—1, (22)

Thus, for N = 8 we have the range of K, from K =0 to K = 1. tlere Gy, (k) is DFT of
gy; (n) and G, (k) is DFT of g;, (n). Now putting the values of ‘K’ in Equation (21) we get,

0 .

1 ..(23)
Similz{rly from Equation (22) we. get,
8 o N
8 JI ..(24)

N F](1+Z]=Fl(3)=G”(1)—W:\V2G]2(1)
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Here the values of K are ‘0’ and 1. That means it is 2-point DFT. Thus Equations‘(23) and
(24) shows that we can obtain 4-point DFT by combmmg two 2-point DFTs. The graphlcal
representauon is shown in Fig. G-3.

(X[0] = £,[0] = g44[0] |

g |
Gyl

Even : From
samples ! Equation
of fym] | X141 =F;[2] = gyy[1] Gyl " ! (23)

A : J
|
1
1
! 3
[ 1=1111=g4,[0] !

Odd - N/4 point - ! From
samp|es< , . DFT = 1 Equation
of fylm] | XI61= 181 =gqpl1] | PO f ryy (24)

o——O0———P] b—
]
A : J
. , N . :
Fig. G-3 : F; (k), > point DFT
Note that here,
gy (n) =£;(2m) =x(4n) ={x(0),x(4)] |
and glz(n)=f1(2m+1):x(4n+2)={x(2),x(6)} J ..(25)
Now similar to Equationé (21) and (22) we can write equations for F, (k) as follows :
F (k) = G, (k)+W' G (k k=01, . 31 26
2( ) - 21( )+ N/Z 22( )’ - L) 9 ees 4 - 1 ...( ())
o N ok - N
and F2£k+zJ = Gzl(k)_WN/szz(k_)’ k=0, 1, ""Z—l ..(27)

‘Here Gy; (k) is DFT of gy; (n) and Gy, (k) is DFT of g, (n). The values of K are 0 and
1. Puttlng these values in Equatlon (26),

O. ’ .
,F2(0)=G21(O)+WN/2G22(0) (28) )

Fy (1) = Gy (1)+ Wy, Gy (1)
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Similarly from Equation (27) we get,

FZ[Qf%)=F2(2) = Gy (0) =Wy Gy (0)

8

|
| I} ' ..(29)
F2[1+ZJ=‘F2(3)=Gz1(1)"W11\1/2G22(1) J

The graphical representation of Equations (28) and (29) is shown in Fig. G-4.

(X(1) = £5(0) = gpy(

i
Gy4(0) i
Even H From
samples s I | Equation
offy(m) | X(6) =1(2) = gpy(1) | (2-Point)-| g (1) ! 8)
\
(X(3) = f5(1) = g(0) |
Odd - N/4 point -’ From
sampies _ - DFT }Equation
offy(m) | X(5) = £3(3) = gpp(1) | (2-POINt) - )
oO—0——Pp
.
. ON
Fig. G4 : F, (k), E-pomt DFT
Note that here,
g(n)=f(2n)=x(4n+1)={x(1),x(5)} :
‘ ’ - ..(30)
g (n)=f(20+1)=x(4n+3) ={x(3),x (7)) |

Combination of first and set_:o_nd stage of decimation :

Combining Fig. G-3 and Fig. G-4 in Fig. G-2 we get the combination of first and second
stage of decimation. It is shown in Fig. G-5. “ 4

At this stage we have 7 that means 2 point sequences. So further decimation is not possible.

As shown in Fig. G-5; we have to compute 2-point DFT.
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- Gy4(0) Pl
x[0] ¢ o— < &
- | A
| G44(1) 1
x[4]° = 'v'@
0 e
o “"“21 \/
i EEECC G
F4[3] \>Q<
x[6] ¢ o &
Fol] P
(1] - N
B W

Stage 2 . Stage 1

Fig. G-5 : Combination of first and second stage of decimation
Computation of 2-point DFT :  According to the basic definition of DFT,

N-1 :
X(k) = Y x(mW, k=01 ..N-1 S\ 3
' n=0 '

We will use Equation (31) to compute 2-point DFT. From Fig. G-6, consider the first block
of 2-point DFT. It is separately drawn as shown in Fig. G-6.

X(0) = £4(0) = g44(0)  Gy(0)
o 2 5
g14(n) - Gyq(k)
where n is i where k is
Oand1 | x(4)=14(2)=g4(N) | - Gyy(1) 0.and 1

»
L

o

‘Fig. G-6 : Block of 2-point DFT
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Here input sequences are g;; (0) and g;; (1). We can denote it by gll (n); where n varies
from 0 to 1. Now the output sequences are Gy, (0) and G;; (1). We can denote it by Gy; (k);
where ‘k’ varies from 0 to 1. Here G;; (k) is DFT of g;;(n).

Thus for G,; (k) we can write Equation (31) as,
. 1 ~
G. (k) = Y g (n)W", k=01 32
1 = &1 2 : ‘
n=0 :
Note that this is 2 point DFT, so we have put N = 2.
Now putting values of k in Equation (32) we get,

| 1
. 0
Fork=0= G, (0) = Z g ()W
n=0
But W° = 1
2
1
G, (0) = 2 g, (n)
n=0

Expanding the summation we get,

=g, (0)+ &yt .(33)
1
n
Fork=1 = G, (1)= Y g (M)W
n=0
Expanding the summation we gei, .
’ o 0 1
G, (1) = g (O)W +g ()W (34
_i2n
We have W, = e N
j2m N\ .
1 -5 —-jr o s .
W2= (e 2J:e =cosnt—jsint=—1-j0
wo= -1 And W) =1
2 2
Putting these values in Equation (34) we get, -
...(35)
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Using Equations (33) and (35), we can represent the computation of 2-point DFT as shown in
Fig. G-7. This structure looks like a butterfly. So it is called as FFT butterfly structure.

941(0)
S ()

Gy4(0)

gq4(1)
x(4)

Fig. G-7 : FFT butterfly structure

- ‘ 0 .
Now we know that W 5 = 1, Thus we can modify Equation (33) and (35) as follows : .

G, (0) g11(0)+W(2)g]1(1). . '...(.36)

, 0
cand G (1) = g11(0)~W2g“(1) ..(37)
This modified butterfly structure is shown in Fig. G-8. |

911(0)
x(0)

A R
®
G

ay(1) W
X(4) ' 1

Fig. G-8 : Modified butterfly structure

Similarly for other 2-point DFTs we can draw the butterfly structure.

Total signal flow-graph for 8-peint DIT FFT :

The total signal flow graph .is obtained by interconnecting all s_télges of dec’ima;ion. In this
case, it is obtained by interconnecting first and second stage of decimation. But the starting block is
the block used to compute 2-point DFT (butterfly structure). The total signal flow graph is shown in
Fig. G-9. : '
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Prob. 1 : Compute the eight-point DFT of a sequence.

x(n)= { ; ; ; L 0,0,0, 0} Using in-place radix-2 decimation in time FFT

algorithm.
Soln. : This flow graph is shown in Fig. G- 10.
_ 'Here s; (n) represents output of stage - 1 and s, ( n) represents output of stage - 2. The
different values of twiddle factor are

w: = =1
1 —j%
W8 = e = 0.707 —-j 0.707
2- —j—g
W8 = £ :——J
W = -0707-50.707
Output of stage - 1 :
‘ 0 1
5,(0) = X(0)+W8X(4)——+1(0)—-5,
s, (1) = x(0)- sz(4)=%—l(0)-—;—
5,(2) = )+WZX(6)—;+1(O)—%
(3) = x(2)=Wox(6)=3-1(0)=73
- 0 1 1
31(4) = x(1)+ 8)((5)—5 (O)=—2—
s,(5) = x(1)- Zx(S)z%—l-(O):—;—
5,(6) = x(3)+W :x(7)—%+1~(0)=%
" W’ 1 1
_Sl('7) = x(3)- SX(7)_§_1 (0)—2
Output of stage - 2 :
TRy = _Llo (1)
5,(0) = 5, (O)+W s (2)_2 +1 LzJ—l
1.1
s, (1) = 5, (1)+W 5,(3)=5-i5
\ 1 1
.32(2) = sl(O) W S \2):-2~ -7:=0
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5,(3)
s,(4)
s,(3)
((6)
5,(7)
Final output :

- X(0)

X(1)

X(2)

- X(3)

X (4)

X(5)

X(5)

X(6)

X(7)

Thus,
X (k)

—

5 (1)- W 5 (3) ="

l\)

l\)lH
1
—

51(4)+W s1(6)-

—

s1'(5)+'w 5,(7) =

l\Jl»—d
I
o

s(4) Ws(6)

—

l\)

s, (5) Wzs (7)=

I\)

0
82(0)+W882(4)= 1+1=2.

1 1 .1
s2<1)+W8s2(5)-( —J2J+<07o7 Jomn[-z-_JZ]
0.5 1.207

32(2)+W252(6)=0+(—j)(0):0

1
s2(3)+WZs2(7)= 2+ j+( 0.707 - J0707)(§

Ny
N———

[%ﬂ%JHO—j 0.707) = 0.5~ 0.207

0
5(0)=W_s,(4)=1-11=0

52(1)~W1s2(5)

1 .1
[E_JZJ (0.707 - ]0707)[-—]5]

[%—JZJ (~0707))

0.5+j0.207

32(2)—Wzs2(6)=0+j-(0)=0

s2(3)—w3s2(7_)

1 1.1
( +J2] (-0.707 - 10707)(2 2)

(% )+0707_]"‘05 +j121

X(O),X(l) X(2),X(3) X (4).X(5), X(6),X(7)}

2,0.5-71.207, 0, 0.5~} 0207, 0, 0.5 + ji:ow
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Example 2

Given a sequence x(n) for 0 <n <3, where x(0) =1, x(1) = 2, x(2) = 3, and

x(3) =4,
a. Evaluate its DFT X{(k) using the decimation-in-time FFT method.

Solution:

a. Using the block diagram in Figure 4.34 leads to
4 10

x(0)=1 i) —24)2 iﬁ?i
s Mz X)
x(1)= 2 Wo=1 1 —2-]

e o

Wo=1 -1 Wi=—j -1

. Prob. 3 : Derive DIT FFT flow graph for N = 4 hence find DFT of x ( h) ={1,23, 4
Soln. :

First stage of decimation :

We have. the equations for first stage of decimation,

= ’ _ N
X(k) = Fl(k)+W;F2(k), k=0,1. %1 (1)
N N
and X k+7) = Fl(k)—W:;Fz(k), k=0,1,..5-1 2
Here N = 4
X(k) = Fl(k)+W:F2(k), k=01 . ()
and X (k+2) = F](k)—W:Fz(k),' k=01 )
Putting values of k in Equation (3) we get,
0
X(O)_Fl(0)+W;‘F2(_0) 5
and X (1)=Fy(1)+W,F,(1)
Similarly putting values of k in Equation (4) we get,
0
X(2) =F (0)-W,F,(0) ©
1
and X (3)=F (1)~ W,F,(1)

This signal flow graph is shown in Fig. G-12(a)

101 = x [0] X[o]
Even
samples
of x(n) fl1l=x[2] X[1]
001 = x [1] X[2]
Odd
samples
of x(n) fl11= x[3] X[3]

Fig. G-12(a)
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Now we will replace each 2-point DFT by butterfly structure as shown in Fig. G-12(b).

}
X[0] :l X[0]
i
i
X[2] ! - X[2]
E
1
1
}
:
X[1] + X[1]
i
]
I
]
}
i .
X[3] ; X[3]
|
"

Fig. G-12(b)
The given sequence is, .

x(n) = (1,2, 3,4}

The different values of twiddle factor are as folloWs :

0
W =1
4
ji2rn jm
1 , == -5
W =¢e ¢ =e 2
4 ,

£ B
093-2 jsing =]

The output s (n) is,
s, = x(0)+x(2)=1+3=4"

s, = x(oj—x(2)=1-,3=—2

(=4

s, = [x(1)+x(3)IW =2+4=6

\S)
A = B

s3 = [x(1)=x(3)IW, =(2-4)-(-)) =12
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The final output is,
X(0

X (1
X (2

X (3
Thus,
X(k

) = sO+s2=4+6=10
) = s1'+s3='—2+j2
) = sO—s2=4—6=—2
) = S, =83 =-2-j2

) = {X(0),X(1),X(2),X(3)

Prob. 4 :  Draw flow diagram of DITFFT for N = 16.

Soln. :

(1)  Here N = 16, means it is 16 point DFT.
(2)  Total number of stages = 4
3 The first stage of decimation using two 8-point DFT is shown in Fig. G-13(a).

x[0] o——

X2} o—:"

x[4] o—rod

x[6] o———]

X[8] o——rtl

X[10] o——n{.

x[12] o—r]

x[14] o—

?@X[O]
o

" % point DFT | X4[3]

‘[ even input | X4[4] o-
- samples]

x[1] o———-—4

x{3] o—»F

X[5] o——
x[7] o——
x[9] o——

x[11] o—|

) [ —

x[15] o—n|

%-point DFT

[8 odd input

- samples} |

Fig. G-13(a)

Page 18 of 27



(4) In the second stage each 8 point DFT is divided into 2 four point DFTs as shown in
Fig. G-13(b). ' '

X[0]
x[4]
X[8]

Fig. G-13(b)
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Radix-2 Decimation In Frequency (DIF) FFT Algorithm :

Decimation in frequency stands for splitting the sequences in terms of frequency. That means
we have to split output sequences into smaller subsequences. This decimation is done as follows :

This algorithm is similar to the DITFFT but here we split k in to even and odd
sequences (k=2r and k=2r+1). We will skip the derivation of this algorithm and jump
to the final form and how to use it to calculate the DFT.

St ‘ g[0]
X[0] LA O > | v > ox[0}] )
x[1] a— > g1} .r;_ point > 0 X[2] c Fro;p
_9i2] DFT Wi
> o (4-point) > o X[4] (17)
>0 do > oX[6] )
h[0
0 T F————oX[1] )
s h(1] .;!_point > —o X[3] EFrorp
- h[2] DFT R quation
— (4-point) > 0 X[5] (18)
h[3] -
> > ~oX[7] |
First stage of decimation
Stage 1 0 Stage 2
x[0] p(+)- el () —>» N X0}
\ af1] / —4—p0int 1
x[1] o ) ° DFT o X[4]
N —oX[2]
‘I-point |
- DFT L oXe]
N —oX[1]
"-N-point _
- DFT L__oX[5]
N F—oX3]
-br—point
— DET L ox[7]

Second stage of decimation
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- O 5=
W

1) O << O FOex

x[2] ‘.' —¢ S 2 () o 0 X[2]

v"w.r‘v‘e b i 1 o

x[4 AA‘o : e o X[1

(4] W awa < Vag ®) o > Xl
’ W W

x[51c//\ ) > () O o X[5]

x[6]c/ << WzaC _1. - (D—>—oX(3)

a7 N oSS Ny O =Y

—
w

N
V)

—

_ 8
Total flow graph for 8-point DIF-FFT

The computational complexity and the memory requirement is same as that of DIT-FFT.

Prob. 1 : Obtain DFT of a sequence

x(n)=[2,3.5.3,0,0,0,0

Using decimation in frequency FFT algorithm.
Soln. : The total flow graph is shown in Fig. G-18.

- Here g (n) is output of first stage.

h(n) is output of second stage.
The values of twiddle factor are as follows :

W = e =1
8

AT
LT

W o= e 4 =0707-j0.707

W = -0.707-j0.707
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First stage of decimation

Output of stage - 1 :

g(0)

g(l)
g(2)
g(3)
g(4)

g(3)

g(6)

g(7)

[\ R

x(0)+x(4) =

x(1)+x(5)

x(2)+x(6) +0

'x(3)+x(7)=5_+0:

[x(0)-x(4)]W_=

[X(l) X(3)1W =

oo»-—tooO

0.3535-j0.3535

[>. =N V]

[x(2)-x(6)]W_=

[x(3)-x(7)IW_=

oo W

~0.3535-70.3535

Second stage of dec:matton

+0 =

+0 =

- ——— - = - ]

Third stage of decimation

Fig. G-18

0.5

05

=105

05

(0.707 - 0.707)

-0 [(-0.707 - 10707)

L2
1kl
]
7o
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" Output of stage - 2 :

h(0) = g(0)+g(2)=05+05=1
h(1) = [g(1)+g(3)]=(05+05)=1

h(2) = [g(Q)—g(2)1W2=(0.5—0.5‘)(+1')=o T

h(3) = [g(1)-g(3)]W, =(05-05)(~j)=0

" h(4) = g(4)+g(6)=05-;05
h(5) = g(5)+g(7) = 0.3535-]0.3535 ~ 0.3535 — j 0.3535
h(5) = —j0.707

[==]

h(6) = [g(4)-g(6)]W. =[05+j0.5]1=05+j05

00 N oo

h(7) = [g(5)~g(7)1W, =[0.3535-j0.3535+0.3535+j0.3535 ] (-j) -

h(7) = —j0.707
Final output :
X(0) = h(0O)+h(l)=1+1=2
X(l.) = h(4)+h'(5)=0.5—j0.5-—j0.707='0.5—j 1.207
X(2) = h(2)+h(3)=0+0=0

X(3) = ‘[h(6)_+h(_7)]W:=[0.5+j0.5—j0.707]-1 = 0.5-0.207

X(4) = [h(0)=h(1)IW =[1-1]-1=0
X(5) = [h(4)—h(5)]Wg=['(0.5—j0.5)+j0.707]71

= 05+j0.207

(=4

X(6) = [h(2)-h(3)]W_=0

X(7) = [h(6)-h(7)]W

o O o

=[05+j0.5+j0.707]
= 0.5+j121 | |
X (k) = {X(O),X(1),X(2),X(3),X(4),X(5),X(6),X(7)}

= {2,05-§1.207,0,0.5-j0207,0,0.5+j 0.20
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Prob. 2 : Using DIFFFT Find _ ‘ » ,
DFT X, (k) of following sequence x, (n) ={1,2,-1,2,4,2,-1, 2}

Soln. : The total flow graph is shown in Fig. G-19(a).

x
=
S
N—

<r
) 0
4
&

o) @
—— ——
CIREC
s i SR s i
I
4 - N
0 0
B
S . . -
=3 =4
= o)
p— . S
R AF e
k
.
1y
!
h
: o
h
I
"
I
v F i,
; 'ﬁ b G
1
= "
® H
= ||
e d e __L_n.
pad X
—_ —_~
~ )
S~ ~—

First stage of decimation Second stage of decimation Third stage of decimation
Fig. G-19(a) '

The values of twiddle factor are as follows :

w’ = 1
8
1
W, = 0.707-j0.707
o
g = i
3 .
W, = ~0.707-j0.707

Here, x (0) = 1, x(1) =2, x(2)=-1,x(3) =2, x(4) =4, x(5) =2, x(6) = -1,
x(7) =2 |

Odtput of stage - 1 :

g(0) = x(0)+x(4)=1+4'=5

g(l) = x(1)+x(5)=2+2=4

g(2) = x(2)+x(6)=-1-1=-2
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g(3)
g(4)

g(5)
g(6)

g(7)

,x(3)+x(7)=2'+2=4

[x(O)—x(4)]W;=[1—4]x'1 =-3

[x(l)—x(S)]W;=(2—2)W;=0
[x(z)—X(s)]Wz=(—1+1)wz='o
"[x(3)—x(7,)]wz=<(2-2)w;’=o

Output of stage - 2 :

h(0)
h(1)

h(2)

Ch(3)

h(4)
h(5)

h(6)

h(7) -

Final output :
X(0)
X(1)
X (2)

X (3)

X(4)

X(5)

X (6)

X(7)

X (k)

£(0)+g(2)=5-2=3
g(1)+g(3)=4+4=38

[£(0)-g(2)IW =5+2=7
[2(1)-g(3)IW, = (4-4)(=j) =0

g(4)+g(6)=-3
g(5)+g(7)=0+0=0

[2(4)-g(6)]W =3

2

[g(5)-g(7)IW, =0

h(0)+h(1)=3+8=11 |
h(4)+h(5)=-3+0=-3
h(2)+h(3)=7+0=7

[h'(6)+h(7)]W:=~3

[h(0)=h(1)IW,=3-8=-5

(=]

[h(4)-h(5)IW _=-3

[h(2)-h(3)IW =7

o X o

[h(6)-h(7)IW 3

8___

[X(0),X(1),X(2),X(3),X(4),X(5),X(6).X(7)}
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To remember the order of the input and output you can use the Bit-Reverse order,
where you swap the bits horizontally while the middle bit remains the same.

Index mapping for fast Fourier transform.

Input Data|lndex Bits|Reversal Bits|JOutput Data
x(0) 000 000 X(0)
x(1) 001 100 X(4)
x(2) 010 010 X(?2)
x(3) 011 110 X(6)
x(4) 100 001 X(1)
x(5) 101 101 X(5)
x(6) 110 011 X(3)
x(7) 111 11 X(7)

Example: Given a sequence x(n) for 0 <=n <= 3, where x(0) = 1, x(1) = 2,x(2) = 3, and
x(3) = 4, Evaluate its DFT X(k) using the decimation-in-frequency FFT method.

Sol:
Bit index
00 x(0)=1-
01 x(1)=2
10 x(2)=3
11 x(3)=4
Example: Given a sequence x(n) for 0 <=n <= 3, where x(0) = 1, x(1) = 2,x(2) = 3, and
x(3) = 4, Evaluate its DFT X(k) using the decimation-in-time FFT method.
Sol:
4 10
x(0)=1 > > > —  X(0)
(2) 3 —2 . \/_k —2+]2 X('I)
X =0 *—>r—e = =
1> WO=1 1.6 >< 2 o
X(1)= > -
B R G
X(3)=4 — > - X(3)
W4 =1 —1 W; =—] —1
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